Solution to Review Questions
MAT1322D, Fall 2017

1. Find the area between the graphs of y = x* and y = x in the interval [0, 2].

Solution. The intersection points of the graphs are (0, 0) and (1, 1). The area
A= l(x x?)dx 2(x2 x)dx = 1.5
- jo B * .L a "6 * 6

. //{// P
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2. Consider the region R in x-y plane under the graph of y = /x , above the line y = g
(@) If asolid has R as the base and the cross sections perpendicular to y-axis are squares, find the

volume of the solid.

(b) A solid S is obtained by revolving R about the line x =—1. Find the volume of S.

(4.2)
y =x
15 X = y2
y =x/2
‘ X=2y
(0;0) 0 1 2 3 4

Solution. Let v/x = The intersections of these two curves are at (0, 0) and (4, 2).

X
5
(a) Ata given valuey, the side length of the cross section is 2y — y?. The area of the cross

section is A(y) = (2y — y%)?. The volume of the solid is

z 16
V= [ @y-y)dy =1

(b) Use the formula of revolving: Fimer =Y + 1 fouer = 2y + 1. The volume of S is
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° : 104
V= (@YD - (v 07)dy = oyt + 2" ay)dy =T

3. Let R be the region under the graph of y = 3x* — x* and above the graph of y = 3x* — x. Solid S
is obtained by revolving region R about the axis x = —1. Find the volume of S.

Solution. Because the inverse function cannot be found, use the method of cylindrical shells. A
vertical line segment between the graphs of y = 3x* — x* and the graph of y = 3x* — x at a given
value of x has length L(x) = 3x* — x* — 3x* + x = x — x*. The distance between this line segment
and the axis x =—1 is R = x + 1. The cylindrical shell obtained by revolving a vertical slice of R
with width dx close to this line segment has volume V(x) = 27RL(x) = 2a(x + 1)(x — x*). Since
the intersections of these two curves are obtained by 3x* — x* = 3x* — x, x = x*, x = 0, and x = 1.
The volume of solid S is

o w14
V= 2;zjo(x+1)(x—x Jix =7

4. Atank is of the shape of a triangular cylinder lying horizontally 2 meters under the ground as
in the following figure. It is filled with oil of density p kg/m®. Let g be the acceleration of
gravity. Find the work, in Joules, needed to pump the oil in the tank to a nozzle 1 meter above
the ground.

_¢_ nozzle i
1

ground level

10

—
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Solution. Look at a layer of oil x meters under the top of the tank with thickness dx. The volume
of this layer is V(x) = 10 x% (5 —x)dx = 8(5 —x)dx. The weight of this layer is w(x) = pgdV

=89(5 —x)dx. The work needed to pump this layer to the height of the nozzle is
dW = (x + 3)dw = 8g(5 — x)(x + 3)dx. The total work needed is

5 1400
W= 8,ogj0 (5—x)(x+3)dx = Tpg .

5. Find the average value of the functiony = in the interval [1, 5].

(¢ +1y
Solution. Letu=x*+1. Thenu'=2x.
The average value of y in [1, 5] is
X 1p2 1 3

1 5
y(1,5) = dx==| —du=—.
y&3) 5—1jl (x*+1)° 492 2u° 52

4
6. Use the definition to determine whether the improper integral f dx converges or

1
2 x-2

diverges. If it converges, find its value.

Solution. With variable substitutionu=x—-2, u' =1,

[ = tim [ o= tim [ —ou=im[2\U]" =2lim (2 —Va-2) =242

This improper integral converges to a value 2J2.

7. Use the comparison test to determine whether each of the following improper integrals is
convergent or divergent:

@ [ i{fl - ® |57

Solution. (a) Whenx > 1, \/;> 1, 2\/§— 1= \/_ then (\/; -1)> \/_ On the other hand,
2\/— ! \/_ L Since I
x+dx 2% J_

when x> 1, \/;< X, then x + \/§ < 2X. Hence

2Jx -1
X +/x

diverges, _[ dx diverges.
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(b) When0<x<1, \/§>x,then2\/§—x: \/§ +(\/§—x)> \/§ Hence,

. 11 1
Since .[onX converges, IO dx converges.
X

1
2\/;—x

8. Find the length of the arcy = %Inx—%xz, 1<x<2.

. 1 x o 1 1 % 2112(1xj2
Solution. y'= — - = . () = ——-=+"—. 1+({) = —+=+—=| —+=| .
T2 ) 4x> 2 4 ) 4x* 2
2 2
TheIengthofthearcisL:_[2 1+(y')2dX:_[2 i+5 dx:1 Inx+ _L In2+§j.
' tl2x 2) 2 2|, 2 2

9. A dam has the shape of the trapezoid shown in the following figure. The height is 16 meters
and the width is 92 meters at the top, and 60 meters at the bottom. The water level is 4 meters
below the top of the dam,

|« 92 > l 4
T < 7 water level
16\ /
IR /S P
[ 60 >

Let x be the depth of a horizontal stripe of the dam. Suppose p is the density of water, and g is
the acceleration of gravity. Find the force acting on the dam, in Newtons.

Solution. The width of a stripe of the dam surface at depth x meters is 60 + 2(12 — x) = 84 — 2x.
The area of this stripe with height dx is A(x) = (84 — 2x)dx. The depth of this stripe is D(x) = x.
The pressure on this stripe is P(x) = pgD(x) = pgx. The force acting on this stripe is F(x) =
P(X)A(X) = pgx(84 — 2x) dx The total force acting on the dam is

F =" pgx(84-2x)dx~ 4.8 x 10" Newton.

10. A plate takes the region R between the graph of y = sin x and the x-axis, 0 < x < % Assume

the density is o= 1. Find the centroid of R.
Solution. The mass ism = Iomsin xdx = 1.

The moments
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_1 7[/2_2 _1 zl3 _72'
Mx_zjo sin xdx_zjo (1-+ cos(2x))dx =
72 )
My = IO xsin xdx = 1.

The centroid is (1, %)

11. Use Euler's method with h = 0.5 to find an approximation of y(2), where y(t) is the solution

to the initial-value problem y' = —tsi Y1) = 2.
y

Solution. Yi+ =Yy — 3L :
&y

i ti Yi
0 1 2
1 15 2 — ?'5 ~1.75
1°x2
2 2.0 1.75 - 30—5z 1.67.
1.5°x1.75

12. Solve the initial-value problem y' = y*cos t, y(0) = 1.

Solution. Separating variables, I izdy=j costdt. Then —lzsint+ C. By the initial
y y

1

condition,C=-1. y = —.
1-sint

13. The population of a certain species of fish in a lake is currently estimated 20000. Three years
ago, the population was 18000. Assume the population grows according to the exponential model.
What would be the population 10 years later?

Solution. The model is P(t) = P(O)ekt. If we let the current time by t = 0, then P(0) = 20000, and
P(-3) = 18000, and we want to find P(10). Then 18000 = 20000e >, and €*= (20000 / 18000)"° =
(10/9)*2. P(10) = 20000e'% = 20000 x (10 / 9) 1 ~ 28415.

14. Solve the initial-value problem y' = 6 —y — y?, y(0) = 3.

1

Solution. Factorize the right-hand side and separate variables: f m
— y + y

dy = [ dt.

Use partial fraction:
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1 __A . B _AB+y)+B(2-y)
(2-y)B+y) 2-y 3+y (2-y)3+Y)

Then j ;dyzlj‘ S T
2-y)(3+Yy) 5 2-y 3+y 5

.AB+Y)+B(2-y)=1. A== B=

(SR
(SRR

3+y
2-y

=t+C.

3+y
2-y

12%+_y = Ke®, where K = +K; # 0.
-y

3+y

2-y

In =5t +5C. = K,e*, where K; = € > 0. Take off the absolute value sign:

By the initial condition, K = —6. Hence, 3 +y=—6€>(2—vy), (1 — 6e™)y = —12e*' 3.

_ 12e% +3
6e*t -1

15. A vat with 500 gallon of beer contains originally 4% of alcohol. Beer with 6% alcohol is
pumped into this vat at a rate of 5 gallon per minute, and the mixture is pumped out at the same
rate. Let Q(t) be the amount of alcohol in the vat as a function of time t. Construct an initial-
value problem that Q(t) satisfies, and solve this equation to find Q(t).

Solution. Q(t) increases at a rate ri, =5 x 0.06 = 0.3 gallon / minute.
The concentration of alcohol in the vat at time t is C(t) = Q(t) / 500. Q(t) decreases at a rate
Fout = 5 x C(t) = 0.01Q(t). The net rate of change of the amount of alcohol in the vat is

Q'(t) = 0.3 - 0.01Q(1).

The initial condition is Q(0) = 500 x 0.04 = 20 (gallon). The equilibrium solution is Q = % =

30. The solution to this initial-value problem is not the equilibrium solution.

1 1
= dQ=-——In|0.3-0.01Q|=[ dt=t+C.
J 0.3-0.01Q Q=—%5or" Q=]

In|0.3-0.01Q |=-0.01(t + C). |0.3—0.01Q | = Ky % where K; = e %€ >0,
0.3-0.01Q = Ke ®™ K = +K; = 0. With the initial condition, K = 0.3 —0.01 x 20 = 0.1.

_0.3-0.1e700"
0.01

Hence, 0.3-0.01Q =0.1e **. Q =30-10e ™.
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_( 1) 5n+l
16. Find the sum of the series Z3—n
n=0

Solution. This series is the difference of two geometric series:

0 23n _( 1) 5n+l 0 2 0 1) 5n+1
e

n=0 n=0 =0

. . . 2° . . .
The first series has first term ?: 1, and common ratio g The second series has first term

1
5—025, and common ratio — . The sum of the series is S = —~ — —>_ =g 2> _581,
9 8 S 14 14
l—9 1+9

17. Determine the convergence of the following series:

@ >

~=n(In n)

Solution. Since the function f(x) = W IS continuous, positive, and decreasing when x > 2,
x(Inx

we can use the integral test. Because the improper integral

= 1 b1 . b1 1. 1 1 1

I —sdx:llm_[ —de:llmj —du==lim 5 > |= > < o0
2 X(Inx) b>xJ2 ¥(In Xx) b0 JIn2 () 3= (In2)*  (Inb) 2(In2)
converges, this series converges.

o0

Z;‘\/_H

Solution. This is a positive series when n > 1. (The first term is negative, which does not affect
the convergence of the series.) Use limit comparison test.

Letan=ﬂ,andletbn:i.
nvn+1 \/ﬁ
Ilma—_llm(2n ~1Vn =lim 2nyn - \/_—Iim 2-1/n

= =2. Since diverges. This
n~>oo 5 n—o n\/_-i-l n—>o n\/_+1 n*)001+1/n3/2 Z\/_ g

series dlverges.
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i n+sin’n
“on?Jn -1’

n=

Solution. Use comparison test. Since, when n> 1, n +sin’n < 2n, and 2n?y/n — 1 =n?Jn +

H 0 ©
(n>Jn—1)> n*Jn n+sinn __2n 2 . Since Z%:ZZ% converges, this series

"on?dn-1 n%/n n*? “n ~n

converges.

n n+smn
(d) Z( 1) 1
Solution. Since lim =M _ iy 0 jjm 2NN :1+O:1¢ 0, this series is divergent.

oo 3n4+1  me3n4+l no=3n+1 3
3 SAn+1
3n+1

Solution. Since f (n) =

n +i is decreasing and approaches zero when n approaches infinity, by
n+

the alternating series test, this series is convergent.

2" +1
o 3 2L,

Solution. Use the root test. Let a, = (22n+l+1 j Then\/_ = m
+

2"+1 . 1+1/2" 1 . .
lim =lim =5 This series is convergent.

e 2" 4] o0 241/2"

10
18. Sy :Z ! ~ 1.9755. Find an upper bound and a lower bound of the sum of the series S

= n(Inn)®
nzn(ln n)®
: 1 1
Solution. Letu=Inx. .[ ———dx=-——-+C. Hence,
x(Inx) 2(Inx)

b
[ L gx=—liml =~ | =—1 00043 and
10 x(In x) oo| 2(Inx)? |~ 2(In10)



MAT1322D Solution to Review Questions Fall 2017

b
[ L ax=—tim|—1 | =—1 <0087,
1 x(Inx) o> 2(Inx)? | 2(In11)

Hence, 1.9755 + 0.0870 = 2.0625 < S < 1.9755 + 0.0943 = 2.0698.

10 /
19. The partial sum Syo = Z(—l)n 3” +i ~ 0.8375. Find an upper bound and a lower bound of
— n-+
the sum of the series S = )" (-1)" - N+l
—r 3n+1
Solution. Since aj; = (-1)" 3—“111;11 ~—0.1019 < 0, Syo is an overestimate, and
x11+

Si0+ a1 =0.7356 < S < 0.8475.

(x+

20. Consider power series Z \/_ For which value(s) of x, is this series absolutely

convergent? For which value(s) of x, is this series conditionally convergent? For which value(s)
of x, is this series divergent?

Find the radius of convergence and the interval of convergence of this series.

Solution. The center of the series is x =—3. Use the ratio test.

‘/ (x+3)‘ =|x+3].

When | x + 3 | <4, -7 <x <1, this series is absolutely convergent.

|(x+3)“+l 22“J_|_
rH0‘22”*2\/n+1(x+:’>)

4 n—>O

When | x + 3| >4, x <=7 or x> 1, this series is divergent.

When x = -7, this series becomes Z( —7+3) Z Ca)

Z( 1" By alternating series
a2 =2 n J’

test, it is convergent. Since Z[ is divergent, this series is conditionally convergent at x = —7.

When x =1, this series becomes Z( il 3) z . Thisisap-serieswithp=1. ltis

divergent.

The radius of convergence of this series is 4, and the interval of convergence of this series is
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[_75 1)
d
0142t
(a) Find the Maclaurin series of this function.
d9 le
(b) Find — f(0) and — f(0).
dx® dx*
Solution. (a) L o irePe e Letr=—2tt % =12t + 2% - 2%+ L
1-r 1+ 2t
5 9 13
I 4dt—I (l—2t4+22t8—23t12+...)dx:x—2x +4X 8
01+2t 5 9 13
d9 le
(b) — f(0)= —9' 161280 . ™ = f(0)=0.
22. (a) Find the first four non-zero terms of the Maclaurin series of the functiony = ! =
1+x

. Find the first four non-zero terms of the Maclaurin

(b) Recall that —In(x+\/1+x )=
\/1+ X2

series of the function y = In (x + 1+ x*).

Solution. (a) By the binomial series,

1 . 1. (-1/2)(=312)., (-1/2)(=3/2)(-5/2) 4
———=(1+t) =1t t? + t
J1+t -+ 2 2! 3!
-l 3 Sl

2 8 16

Lett = x2. We have

1
S+ 52 20 "8 16
(b) In (x + V1+x2 )—j

dt:x—lx3+ix5—ix7+

«/1+t 6° 40 112

23. Find the second partial derivatives zy, zy, Zu, Zyy, and zyy, of the function z = x In (2y — x).

10
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X 1 Qy—x)+x =2y+x-2y x-4y
. ZXX=_ - = =

2y — X 2y-x  (2y-x)*  @2y-x)?  (2y-x)?*
2X 4x 4y

2y ——— . Iy = —————. Ly = Iy = ————.

Solution. zx=1In (2y —x) —

24. Consider function z = X%y — 3x* + y%.

(a) Find the partial derivatives zy, zy, Zyx, Zyy, and zyy.

(b) Find the gradient vector of zat x=—1,andy = 2.

(c) Find the directional derivative of z at the point (—1, 2) in the direction of v = (4, —3).

(d) Find the equation of the tangent plane of the graph of this function at the point where x =1,
andy = 2.

Solution. (a) zy = 2Xy — 6X, Zy = X° + 2V, Zyx = 2y — 6, Zyy = 2, Zyy = 2X.

(b) The gradient vector of z is grad z(x, y) = (2xy — 6x, X* + 2y). At point (—1, 2), grad z(—1, 2) =
(2, 5).

(c) The unit vector in the direction of vis u = (g —g) The directional derivative is

Du(2) = (g —gj-(z,s) :%-3:-%.

(d) z(—1,2) =3. The equation of the tangent plane of the graph of this function at x=—1 and y =
21is

z=2(x+1)+5(y—-2)+3,0r2x+5y—z=5.

25. Letz =1 (x,Yy), wherex=g(u, v) and y = h(u, v). Thenz=1(g(u, v), h(u, v)) =F(u, v) isa
function of u and v. Suppose the following values are known:

f(1,2)=3,fx(1,2)=5fy(1,2)=-2;

9(3,5)=1,0u3,5)=2,043,5 =—1;

h(3,5) =2, hy(3,5) =4, hy3,5)=-3.

Find F,and Fyatu=3,v=5.

Solution. Fy(3,5)=143,5)0.(1,2)+f,(3,5h,(1,2)=5%x2+(-2)x4=2,and

Fu(3,5) =1x(3,5) 9u(1, 2) + f(3,5)hy (1, 2) =5 x (1) + (-2) x (-3) = 1.

11
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26. Consider function z = f (x, y) defined implicitly by the equation x?z + xy — yz° = —1.

(a) Find the gradient vector of the function z = f (x, y) at the point (2, 1, —1).

(b) Find the equation of the tangent plane of the graph of the equation at the point (2, 1, —1).
(c) Find the directional derivative of this function in the direction of the vector u = (2, —3).

(d) Find the maximum value of the directional derivative at (2, 1, —1) among all possible
directions.

Solution. Let F(x,y,z) =X’z +xy—yZ®+1. Fy=2xz+y, Fy=x—12°, F, = x* - 3yz%
Fx(2,1,-1)=-3,Fy(2,1,-1) =3, F«2,—1,3)=1. Then z, =3 and z, = 3. The gradient vector
is VF(2,1) = (3, -3).

(b) The equation of the tangent plane of the graph of this equation at the point (2, 1, —1) is
-3(x-2)+3(y-1)+(z+1)=0,0or 3x+3y+z+4=0.

u

(c) The unit vector in the directionof uisv = ™
u

= (L,— i] . The directional derivative
1 13

w

3 3

2
—3x =— )
Y13 13 13

isDy(f)= Vf.v=3x

(d) The maximum derivative is the length of the gradient vector || (3, —3) || =32.

12



